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Frucht [l] gave a method for constructing for each arbitrarily given group a 
graph whose automorphism group is isomorphic to the prescribed group. 
Constructions of “product” graphs whose automorphism groups are given 
subgroups of the wreath product of two groups are given. For S, wr G, com- 
prehensive results are given for all subgroups of S, wr G containing 1 x G. 
A concept of graph product which is a generalization of Jmrich’s definition [2] 
is employed. 
1. INTRODUCTION 
We stipulate that all graphs considered are finite and undirected, with no 
loops or multiple edges, and that all groups are finite and nontrivial. 
Unless otherwise specified, the group-theoretical notation is that of [7]. 
The group identity element will be denoted by 1. 
If two groups F and G are given and the Cartesian product F x G (or the 
wreath product F wr G) is taken, the results of Frucht [l] and Sabidussi 
[5] ([4]) readily yield methods for constructing graphs W and X whose 
Cartesian product W x X (lexicographic product W 0 X) has as its 
automorphism group F x G (F wr G). Here we consider the following 
intermediate question: 
If L is a subgroup of the wreath product F wr G such that L contains 
F x G (identified with its embedded image in F wr G), and if Wand Xare 
graphs with automorphism groups F and G, respectively, is there a graph 
“product” of Wand X having L as its automorphism group? 
* Parts of this research are contained in the author’s Ph.D. dissertation at Syracuse 
University. The research was partially supported by a National Science Foundation 
Traineeship and a Syracuse University Fellowship. 
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2. PRELIMINARIES 
The following concepts will be used in this paper. Let X denote the 
complement of X and X(U), for U C V(X), denote the section or spanning 
subgraph of X on U. For any x E V(X), let V(X; x) denote the neighborhood 
ofx in X. Let Pi(Q) = ([x1 ,..., xi]: xj E Q, j = I,..., i} denote the collection 
of i-subsets of a set Sz, for any positive integer i. 
DEFINITION 1 [4, Definition 31. 
(1) Let S(X) C V(X) x V(X), where (x, y) ES(X) if V(X; x) u {x}= 
VGC Y) u i Y>. 
(2) Let R(X) C V(X) x V(X), where (x, y) E R(X) if V(X; x) = 
w; Y). 
In [4] it is established that S and R are equivalence relations on V(X). 
We denote by O(X) the diagonal in V(X) x V(X). Note d(X) = P1( V(X)). 
Let A(X) denote the group of all automorphisms of X and A,(X) the 
stabilizer of a vertex x E V(X). 
DEFINITION 2 [3, Definition 11. If A,(X) = 1, for all x E V(X), and if 
A(X) # 1, then X is said to be stronglyfixed-point-free. 
DEFINITION 3. If F and G are permutation groups on @ and Q, respec- 
tively, then the wreath product of G by F is defined as follows: 
F wr G = {(A g, ,..., g,): f E F, and gi E G, for i = l,..., r}, 
where r = 1 @ 1 and where multiplication is defined as follows: 
where f, f’ E F, gi , gi’ E G, for i = I,..., r, and @ is considered to be the 
set {l,..., r>. 
We remark that F x G may be embedded in F wr G as follows: 
for f E F, g E G. We will hereafter identify F x G with its image under this 
embedding. 
We also note that, if Kis a normal subgroup of G, then (F x G) . (1 wr K) 
isasubgroupofFwrG,sinceFxG<FwrGandlwrK4FwrG. 
We use the following definition of graph product which is a generaliza- 
tion of the definition given in [2]: 
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DEFINITION 4. Let X and Y be any two graphs. Let (7’r ,..., T7} and 
KJl ,..., U,) be arbitrary partitions of Pz( V(X)) u P,( I’(X)) and Pz( V( Y))U 
PI(V( Y)), respectively. Let A4 = [eij] be an (r x s)-matrix with entries 
from (0, 11. Then 2 = X @ Y, called the M-product of X and Y, is the 
graph given by: 
V(Z) = V(X) x V(Y) 
3. GRAPH CONSTRUCTION 
Given a nontrivial group G, we construct a graph X satisfying certain 
properties. This graph will then be used to facilitate the construction of a 
graph product in answer to the question posed in the Introduction. 
Here we make use of the concept of Cayley color graph. Let G be a finite 
group and H _C G, such that 1 $ H. Let C = C(G, H) denote the Cayley 
color graph of G with respect to H. Say H = {h, ,..., h,}. TO each hi, 
i = I,..., m, associate an (i + 2)-set 
Then we define the graph Y as follows: 
and 
E(Y) = {[h, , e]: i = l,..., m} u {[A,, hi,j]: i = l,..., m; j = l,..., i + 2) 
U {[hi,i+2 , e]: i = l,..., m> 
U ([hi,j , hi,j+,]: i = l,..., m; j = l,..., i + l}. 
DEFINITION 5. We define the graph X in the following way. Construct 
X from C by identifying each colored, directed edge (g, ghi), for each 
g E G and hi E H, with the edge [e, hi] of the graph Y. Note that the 
vertices g and gh, are identied with e and hi , respectively, and that no 
other identifications are made. Note also that, if x and y are identified 
with z and W, respectively, and if [x, ~1, [z, W] E E(X), then we identify 
[x, ~1 with [z, w]. 
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THEOREM 1. For any nontrivial group G, let H (1 $ H) be a set of 
generators for G and let X be the graph given by Dejinition 5 for G and H. 
Then 
(1) G = -4X), 
(2) X is strongly Jixed-point-free, 
(3) every edge of X lies in a 3-gon, 
(4) S(X) = d(X) = R(X), and 
(5) xpx. 
Proof. (1) Since X was so constructed that its automorphisms would 
coincide with the color and direction preserving automorphisms of C, 
and since this latter group of automorphisms is well-known to be the 
regular representation of G, ,4(X) = G. 
(2) We next show that X is strongly fixed-point-free. For each 
g E G, identify Y, as the image of Y in the construction of X. It suffices 
to show that, if x E V(Y,) - {h, ,..., h,} and if 4 E A,(X), then 4/Y, = 1. 
For then $(h) = h, for all h E H, and so the connectivity of X and the 
argument given in [6, p. 981 establishes that 4/Y, = 1, for all g E G. Then 
+ = 1 = 4e. Th b en y construction of X, we have that, for all x E V(X), 
+=I if +EA,(X). 
(a) Assume x = e and 4 E A,(X). Since / V(X; h)l > 3 2 
1 V(X, y)] for all h E Handy E V( Y,) - ({e} u H), 4 fixes H setwise and so 
4 fixes Y, setwise. By construction of Y z Y, , if # E A,(Y), then $J = 1. 
Therefore, #Ye = 1. 
(b) Assume x E V(Y,) - ({e} u H) and 4 E A,(X). Say x = 
h,,j,forsomei,j,l <i,<m,l <j<i+2.Tfj#i+2,thenhiisthe 
unique vertex in V( Y,) such that both hi E V( Y,; h,J and 1 V( Y,; hi)/ > 3. 
Hence, $(hJ = hi . So then $(hi,,) = hiSI since I V(Y,; hi,,)1 = 2, and 
then + is successively seen to fix hi,2 , hi,3 ,. . ., hi,j-l and also hi.j+l ,. . ., hi,i+2 . 
So 4(e) = e, and we apply (a). If x = hi,i+z , we see that $(hi,i+,) = hi,i+l 
since hi,i+I is the unique vertex in V( Y,; h,.,+z) such that I V( Y,; hiSi+,)/ 
= 3. So we apply (b) where j # i + 2 to hi.i+l . Therefore, since G # 1, 
A(X) # 1 and so X is strongly fixed-point-free. 
(3) That every edge of X lies on a 3-gon in X is obvious by 
construction of Y, and therefore of X. 
(4) If (x, y) E S(X) u R(X) such that x # y, then the transposition 
(xy) E A(X). But this is impossible since I X 1 > 2 and X is strongly 
fixed-point-free. 
(5) Since I V(x; h&i = I X 1 - 3 and j V(X; x)1 < j X 1 - 3, for 
all x E V(X), X * X. 
s8zblvlz-4 
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4. GRAPHS FOR GIVEN SUBGROUPS OF F wr G 
Given any two nontrivial groups F and G, we consider the problem of 
finding graphs for subgroups of F wr G of the form (F x G) . (1 wr K), 
where K is any normal subgroup of G. 
Let F and G be any two nontrivial groups; let X be as constructed in 
Section 3; let W be any connected graph constructed using one of the 
methods introduced by Frucht [I 1, such that A(W) = F; let K be a normal 
subgroup of G; and let L = (F x G) . (1 wr K). 
Since {e, g, ,..., g,J is an orbit of G on V(X), let B = {&: i = 0 ,..., r - l}, 
where r = [G : K] and e E I?,, , be the complete block system of {e, g2,..., gll} 
induced by the action of K (see [7, Proposition 7.11). To construct the 
product graph of W and X, we use the partition (E(W), d(W), C(W)} for 
Pz( V( W)) u P1( V( W)), where C(W) = E(r). For Pz( V(X)) U P,( V(X)), 
we use the following partition: 
R = {[x, x’] E E(X): x, x’ E Bi , for some Bi E B}, 
S = E(X) - R, 
and 
T = {[x, x’] E E(x): x, x’ E Bi , for some Bi E B) u d(X), 
U = E(x) - T. 
DEFINITION 6. We define Z = W @ X to be the product graph of W 
and X given by M, where 
M = 
[ 
eER 
edR E:: g 2] =[i E i ii* 
eCR eCS 
We now wish to show that L = A(Z). To do this, we need a lemma: 
LEMMA 1. AssumeF, G, W, X, undZare us above. If#(w, x) E (w, V(X)), 
for all w E V(W) and x f V(X; e), undfor all c$ E AC,,,,(Z), then A(Z) = L. 
Proof. Since clearly L C A(Z), we need only show the converse 
inclusion. So assume 1+5 E A(Z). 
(1) Assume # E A(,,,)(Z) for some arbitrary but fixed w E V(w>. 
Then by hypothesis $(w, V(X, e)) C (w, V(X)), and so # fixes (w, V(X, e)) 
setwise. As in the proof of Theorem 1, # must then fix (w, V(X; e)) point- 
wise. Since X is connected, 1/, fixes (w, V(X)) pointwise. 
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Let u E V(W; w). Then consider I/(ZJ, e). Since [(w, e), (0, e)] E E(Z), we 
have that #(u, e) = (u, x), where u E V(W; w) and x E BO . Then by 
adjacencies, $(u, !z,,,+~) E (u, V(X)), for all i = I,..., m; we continue to 
obtain that +(v, h,,J E (u, V(X)), for all i = I,..., m, j = l,..., i + 2; and 
then that #(a, hi) E (u, V(X)), for all i = l,..., m. Connectedness of Xthen 
shows that #(v, V(X)) = (u, V(X)). We continue by applying the same 
reasoning to V’ E V(W; w) u V( W, v) - (u, w) to see that I,!J(u’, V(X)) = 
(u’, I’(X)), where u’ E V(X). Using the connectedness of IV, we see that 
{(u, V(X)): u E V( IV)} consists solely of blocks of &,J(Z). This establishes 
that there is a #f E P’such that z,Qu, V(X)) = (I,&(V), V(X)), for all u E V( IV). 
Now since I&U, e) = (u, x), x E B,, , and K acts regularly on B,, , there 
is a unique k E K corresponding to x, i.e., &(e) = x, where I$~ E K. 
But since (u, V(X)) is a block of IJ and G = A(X), #(v, x’) = (&(u), 4,(x’)), 
for all x’ E I’(X) and for some g E G. Since X is strongly fixed-point-free, 
g = k. Thus, # = (& ; . . . . g, ,...) = (& ; . . . . I$~ ,...) EL. 
(2) Assume #(w, e) E (w, V(X)). Since A(X) = G is the regular 
representation of G, there is a unique +, E G such that (4, o xx 0 #)(w, e) = 
e, where 7rx is the projection of V(Z) onto V(X). Then (1; #, ,..., $,) 0 
$ E 4w.e)(Zh where (1; 4, ,..., 4,) E F x G C L C A(Z). So we apply (1) 
to see that (1; +p ,..., 4,) 0 # E L and so # E L. 
(3) Assume #(w, e) E (w’, V(X)). Say #(w, e) = (w’, x), for some 
x E V(X). Then by construction of W, there is a I& E F, such that &(w’) = w. 
so ($6 l,..., 1) E F x G C ,4(Z) and ((h; l,..., 1) 0 #)(w, e) E (w, V(X)). 
So apply (2) and (1) to (h; I,..., 1) 0 z+4 to obtain the desired result. 
Therefore, A(Z) C L and so A(Z) = L. 
THEOREM 2. Let F and G be any two nontrivial groups, let K be a proper 
normal subgroup of G, and let H (1 6 H) be a set of generators of G. Then 
there are graphs W and X, and a graph product given by a matrix M, 
such that (F x G) * (1 wr K) = A( W @ X). 
ProoJ Let W be any graph constructed using a method of Frucht [I] 
such that A(W) = F. Let X be as given in Definition 5. Finally, let M be as 
given in Definition 6. 
Let w E V(W) be arbitrary but fixed and assume 4 E &J(Z), where 
Z = W @ X. Let x E V(X; e) - H. Since 1 V(Z; (w, x))l < [ V(Z; (u, y))l, 
for any u E V(W) and y E B, , we see that #w, x) # (u, y), for all u E V(W) 
and y E B,, . Thus, +(w, x) E (w, V(X)), for all x E V(X, e) - H. In fact, 
9w 4 = (w, 4. 
Next, let h E H. Say h = hi. As we have shown, #w, h,,i+.J = 
(w, hi,i+,) E (w, V(X) - B,,). But since 
[NW, 4, b(w, 41, [+Cw h), $<w, k.i+2)l E W% 
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we must have that $(w, h) E (w, V(X)). Since the hypothesis to Lemma 1 
is thus satisfied, we apply the lemma to obtain the desired result. 
5. GRAPHS FOR SUBGROUPS OF S, wr G CONTAINING 1 x G 
In the case that F = S, , the symmetric group on 2 letters, say a and b, 
Theorem 2 can be extended and sharpened to include all subgroups lying 
between 1 x G and S, wr G. We first characterize these subgroups: 
THEOREM 3. If G is any nontrivial group, there is a lattice isomorphism 
between the lattice of normal subgroups of G and both: 
(1) the lattice of subgroups of 1 wr G containing 1 x G, where the 
isomorphism is given by K f-) (1 x G) . (1 wr K), and 
(2) the lattice of subgroups of S, wr G containing S, x G, where 
the isomorphism is given by K +-+ (S, x G) . (1 wr K). 
Proof. Recall that if K a G, then 1 wr K 4 S, wr G and hence that 
(1 xG)*(lwrK)<lwrGand(S, x G).(lwrK)<S,wrG. 
(1) Assume L is a proper subgroup of 1 wr G such that 1 x G s L. 
Then let K, = {k E G: (1; k, 1) E L}. We show that (1 x G) * (1 wr KJ = L. 
To see that K, is nontrivial, take (1; pa , pb) E L such that pa # pa . Since 
(l;~;~,p;‘)~l x GCL,then(l;p,p;‘, 1) = (1;p,,p,),(l;p;‘,p,‘)~L, 
and so pap;l E K, and papi # l.NowifK,={k~G:(l;l,k)~L},then 
K, = Kb , since (1; 1, k-l) = (1; k, 1) . (1; k-l, k-l) E L whenever k E K, . 
Hence, k E Kb . So Kb 3_ K, , and conversely. To see that K, 4 G, let 
k E K, , g E G. Then 
(1; gkg-l, 1) = (1; gkg-I, gg-‘) = (1; g, g) . (1; k, 1) . (1; g-l, g-l) E L, 
since (1; g, g) E S, x G C L. Thus, gkg-l E K, . 
Since 1 wr K, C L by definition of K, , (1 x G) . (1 wr K,J C L. Con- 
versely, let (1; pa, pb) EL. Then (1; pblpa, 0 = (1; P?, pi’) - (1; pa, P& EL 
so p;‘pa E K, . Hence 
(1; pa , PJ = (1; pb , ~4 . (1; P;‘P, , 1) E (1 x G) * (1 wr KJ. 
Therefore, L = (1 x G) * (1 wr KJ and so K, = K, as required. 
(2) This proof follows essentially as;yp (l), except that we 
show L = (S, x G) * (1 wr K,), for S, x G + + S, wr G. 
With this characterization of the subgroups of S, wr G containing 
1 x G, we are able to show: 
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THEOREM 4. Let G be any nontrivial group, and let H (1 4 H) be an 
arbitrary set of generators of G. If 1 x G < L < S, wr G, then there is 
a graph X and a (0, l}-matrix N such that A(K, @ X) = L. 
Proof. Let X be as in Theorem 2. We consider cases dependent upon L. 
(1) If L = S, x G, then [5, Theorem 31 shows that L = A(K, x X), 
since & and X are relatively prime with respect to x. If L = S, wr G, 
then [4] shows that L = A(& 0 X), where 0 denotes the lexicographic 
product, since 8 is clearly connected. 
(2) IfS,xGsLz S, wr G, Theorems 2 and 3 yield the desired 
result. 
(3) Assume 1 x G < L < 1 wr G. We define N as follows: 
(a) Partition Pz( V(Q) U P,( V(&)) using (E(K,), {[a, a]}, 
Ub, blI1, where WG) = {a, b). 
(b) Partition Pz( V(X)) u P,(V(X)) as follows: Let K a G 
be the subgroup corresponding to L under Theorem 3, and let B be the 
complete block system of {e, g, ,..., gn} induced by K, as given in Section 4. 
Then the following is a partition of Pz( V(X)) u P,( V(X)): 
R = {[x, x’] E E(X): x, x’ E Bi , for some Bi E B}, 
S = E(X) - R, 
A’ = {[x, x] Ed(x): x E Bi , for some Bi E B}, 
A” = O(X) - Ll’, 
T = {[x, x'] E E(x): X, X' E Bi , for some Bi E B}, 
and 
U = E(K) - T. 
We then let Z = K, @ X be the product graph of K2 and X given by N, 
where 
[ 
eER eES eEA’ eEA” eET eEU 1 0 1 0 1 
N = eaR eas eaA’ eaA” eaT eau = 1 1 0 0 0 0 . 
ebR ebS ebA’ ebd” ebT ebff 1 1 3 000011 
We note that Z(a, V(X)) g X, Z(b, V(X)) s X, and that X * X by 
Theorem l(5). 
Since clearly L C A(Z), it remains only to show the converse inclusion. 
By construction of X and 2, 1 V(Z; (a, x))l < 3 < 1 V(Z; (a, g))j < 
I V(Z)1 - 4 and I W; (b, g))l -c I W)l - 4 < I WC @, #I, for all 
g E {e, g2 ,..., g,J and x E WI - k g2 ,..., gn>. So (a, WI) and (hVN 
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are fixed blocks of A(Z). It is easy to check the details that the proof of 
Lemma 1 applies to K, @ X. Therefore, since we have shown that the 
hypothesis of Lemma 1 holds, we must have that L = A(Z). 
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